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1. INTRODUCTION
ŽThe purpose of this work is to describe some links between the ap-
.parently unrelated objects named in the title of the paper. Let us give a
short description of them.
Gaussian Integrals. The classical Gaussian integral is
y‘ 2yx r2 'e dx s 2p .H
y‘
Moreover, if A is an n = n symmetric positive definite matrix, then
n'2pŽ .y² A x , x:r2e dx s .H
n 'det AR
Ž .Multinomial Coefficients. Let us recall that the Euler function G x is a
function such that for x G 0,
q‘
uy1 yuG x s x e du,Ž . H
0
G x q 1 s G x ,Ž . Ž .
and for each n g N,
n!s G n q 1 .Ž .
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Ž .Thus, setting x!s G x q 1 , the binomial and multinomial coefficients
are defined by the usual formulas
a!a s , 0 F b F a,ž /b a! b y a !Ž .
aa s , a G 0, a G 0.ia ??? až /1 n a ! ??? a !1 n
Ž .Homogeneous Functions. Let a s a , . . . , a with a ) 0. We say1 n i
Ž . n w wthat a at least upper semicontinuous function w : R “ 0, q‘ is a-
Ž .homogeneous or simply homogeneous if
w t a1 x , . . . , t an x s tw x , . . . , xŽ .Ž .1 n 1 n
Ž . nfor each x s x , . . . , x g R , and each t ) 0. We will call the numbers1 n
Ž .a , . . . , a and their sum s s a q ??? qa respectively the partial1 n 1 n
weights and the total weight of the homogeneous function w.
The associated spheres to the a-homogeneous function w are defined
for each r ) 0 as
B r s x g R n N w x - r . 4Ž . Ž .w
Ž .We will denote the unit ball B 1 simply with B .w w
Ž . d Ž . nRemark 1. If w satisfies w tx s t w x for each x g R and each
t ) 0, then w is a-homogeneous, where
1 1
a s , . . . , ,ž /d d
and its total weight is s s nrd.
Remark 2. If w is a-homogeneous of total weight s, then, for each
p Ž y1p ) 0, the function w is p a-homogeneous with total weight srp.
Nevertheless, the unit balls associated respectively to w and w p are the
same.
Lebesgue Measure. For each measurable set A ; R n we will denote by
< < < <A or simply by A its Lebesgue measure.n
The first main formula that we will prove in this paper is the following
generalization of the Gaussian integrals.
n w wTHEOREM 1.1. Let w : R “ 0, q‘ be an a-homogeneous function with
total weight s, and let B be the associated unit ball. Thenw
yw Ž x . < <e dx s B s!.H w
nR
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Our second main result is the following theorem which establishes a link
between the multinomial coefficients and the measures of the unit balls
associated to suitable homogeneous functions.
ni w wTHEOREM 1.2. Let w : R “ 0, q‘ , i s 1, . . . , k, be homogeneousi
functions with total weight s and associated balls B s B . Set n s ni i w 1in w wq ??? qn , s s s q ??? qs , and let w : R “ 0, q‘ be the homogeneousk 1 k
function defined by
w x , . . . , x s w x q ??? qw x , x g R ni ,Ž . Ž . Ž .1 k 1 1 k k i
and let B s B be its associated unit ball. Thenw
< <Bs s 1.s ??? sž /1 k < < < <B ??? B1 k
Remark. Let us observe the analogy between the expression
< <B
< < < <B ??? B1 k
and the definition of multinomial coefficient.
As corollaries of our results we will find a formula which both general-
izes and unifies the classical formulas for the volumes of the Euclidean
unit ball and the standard simplex in Rn, and a suitable generalization of
the Gaussian integrals.
2. PROOFS
Let us start with the following simple result on the measure of the balls
associated to a homogeneous function.
LEMMA 2.1. Let w be an a-homogeneous function on R n with total
weight s. Then, for each r ) 0,
< < < < sB r s B r .Ž .w w
Proof. Let a , . . . , a , s s a q ??? qa , be the weights of the function1 n 1 n
Ž . y1w. Clearly x g B r if, and only if, r x g B . Since, by a-homogeneity,w w
ry1w x s w rya 1 x , . . . , rya n x ,Ž . Ž .1 n
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Ž .it follows that B r is the image of B under the linear mapw w
x , . . . , x ‹ r a1 x , . . . , r an xŽ . Ž .1 n 1 n
swhose determinant is r , and the assertion follows.
Ž . yw Ž x . Ž . Ž .Proof of Theorem 1.1. Set f x s e . Since w x G 0, then 0 F f x
F 1, and the integral
f x dxŽ .H
nR
coincides with the measure in R nq1 s R n = R of the set
A s x , t g R n = R N 0 F t F f x . 4Ž . Ž .
 n Ž . 4 Ž .Setting A s x g R N f x G t , observe that A s B ylog t . Using thet t w
Fubini Theorem and the previous lemma, we obtain
eyw Ž x . dx s f x dxŽ .H H
n nR R
1
< <s A dtH t
0
1
< <s B ylog t dtŽ .H w
0
1 s
< <s B ylog t dt.Ž .Hw
0
Putting t s eyu, we obtain
q‘1 s s yuylog t dt s u e du s s!.Ž .H H
0 0
Proof of Theorem 1.2. By Theorem 1.1, for i s 1, . . . , k,
yw Ž x i. < <e dx s B s !H i i i
niR
The total weight of the function w is clearly s q ??? qs s s, and again by1 k
Theorem 1.1,
yw Ž x . < <e dx s B s!.H
nR
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By the Fubini Theorem,
k
yw Ž x . yw Ž x .ie dx s e dx .ŁH H i
n niR Ris1
Combining the last three formulas, we obtain
k
< < < <B s!s B s !,Ł i i
is1
and the assertion easily follows.
PROPOSITION 2.1. Let p ) 0, . . . , p ) 0 be gi¤en and set1 k
k < < < p1 < < pkE s E p , . . . , p s x g R x q ??? q x - 1 .Ž .  41 k i k
Then
y1
1 1
q ??? q
p p1 kk< <) E s 2 .Ž . 1 1
, . . . , 0p p1 k
Proof. The proof follows immediately from Theorem 1.2, where we
Ž . < < pihave set n s 1 and w x s x , i s 1, . . . , k, observing that in this casei i i
< <E s B and B s 2.w w i
Ž .Remark. For p s ??? s p s 2, formula ) yieldsi k
k1 1k! GŽ . Ž .2 2k< <E s 2 s ,k k! G q 1Ž . Ž .2 2
which is the classical formula for the measure of the Euclidean unit ball
in R k.
Remark. If p s ??? s p s 1, then1 k
k < < < < <E s x g R x q ??? q x - 1 , 41 k
Ž .and formula ) yields the classical formula
1! ??? 1! 2 k
k< <E s 2 s .
1 q ??? q1 ! k!Ž .
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Our last application is the following generalization of the classical
multidimensional Gaussian integral.
PROPOSITION 2.2. Let c ) 0, p ) 0, and let A be an n = n positi¤e
definite symmetric matrix. Then
n nG q 1p 1 Ž .p 2 pyŽ c² A x , x:.e dx s .H ( nž /n 'c G q 1Ž .det AR 2
Proof. The function
p² :w x s Ax , xŽ . Ž .
is a-homogeneous, where
1 1
a s , . . . , ,ž /2 p 2 p
and its total weight is hence nr2 p. By Theorem 1.1,
eyŽ c² A x , x:.
p d x s eyw Ž x . dxH H
n nR R
n n
< < < <s B !s B G q 1 .w wž / ž /2 p 2 p
A standard computation yields
n
p 1 1
< <B s ,(w nž / 'c G q 1Ž .det A 2
and the assertion follows.
